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Atomic interferometry in optical lattices is a new trend of developing practical quantum gravime-
ter. Here, we propose a compact and portable gravimetry scheme with an ensemble of ultracold
atoms in gravitationally tilted spin-dependent optical lattices. The fast, coherent separation and re-
combination of atoms can be realized via polarization-synthesized optical lattices. The input atomic
wavepacket is coherently split into two parts by a spin-dependent shift and a subsequent pi
2
pulse.
Then the two parts are held for accumulating a relative phase related to the gravity. Lastly the two
parts are recombined for interference by a pi
2
pulse and a subsequent spin-dependent shift. The pi
2
pulses not only preclude the spin-dependent energies in the accumulated phase, but also avoid the
error sources such as dislocation of optical lattices in the holding process. In addition, we develop
an analytical method for the sensitivity in multi-path interferometry.
I. INTRODUCTION
Precision gravity measurement is of great significance
in geophysical applications, metrology and fundamental
physics [1]. In addition to various classical gravimetry
schemes [2–5], such as spring gravimeter and free falling
corner cube gravimeter, quantum interferometry can be
used to implement gravimetry. The precision quantum
gravimetry has been demonstrated via atom interferom-
etry in free space, but it requires long free-fall distance
and thus lacks mobility [6–9]. Developing a compact
and portable quantum gravimeter will have more practi-
cal applications [10–16]. A natural idea is trapping the
atoms in optical lattices along the direction of gravity.
Then, the magnitude of the gravitational field can be
determined via probing Bloch oscillations [10, 17], us-
ing driven resonant tunneling of cold atoms [10, 18, 19],
or Wannier-Stark interferometry [12, 20]. Atomic inter-
ferometry in optical lattices is becoming a new trend of
developing a compact and portable quantum gravimeter.
A key process of atomic interferometry in optical lat-
tices is to coherently split and recombine atoms in dif-
ferent heights. In the Wannier-Stark interferometry, the
beam splitter is realized by two-photon Raman transi-
tion [12, 20]. To separate the atoms in large distance,
one needs to increase the efficiency of Raman transition
by decreasing the depth of optical lattices. However, the
decreasing of depth also decreases the number of trapped
atoms. There is a trade-off between distance separation,
the interferometry time and the atomic number, which
hinders the precision improvement. The beam splitter
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can be alternately realized with spin-dependent optical
lattices [21, 22]. Recently, polarization-synthesized opti-
cal lattices enable the fast, coherent and spin-dependent
transport of atoms with large distance and high preci-
sion [23, 24]. The polarization-synthesized optical lat-
tices may be an improved beam splitter, where the large
distance and large atom number can be achieved at the
same time. A question naturally arises: Can we realize
compact quantum gravimeter in polarization-synthesized
spin-dependent optical lattices?
In this paper, we propose a compact gravimetry
scheme via an ensemble of ultracold atoms in gravita-
tionally titled spin-dependent optical lattices. The input
atomic wavepacket is coherently split into two parts at
different heights by the first beam splitter (BS), which is
achieved by tuning polarizations of the spin-dependent
optical-lattice potential and then applying a pi2 pulse.
Holding the optical lattices for a certain duration of time,
the two parts will accumulate a relative phase related to
the gravity. Then the two parts are recombined by the
second BS via the inverse process of the first BS. At last,
the gravitational acceleration is extracted by applying a
pi
2 pulse and then measuring the spin population. Im-
portantly, through introducing a pi2 pulse in each BS, we
remove the error sources from the dislocation of optical-
lattice potential in the holding process. The pi2 pulses can
also be used to improve the precision of the single-atom
digital interferometer [22].
This article is constructed as follows. In Sec. I, we
briefly introduce the background and our motivation. In
Sec. II, we describe our system of cold atoms in titled
spin-dependent optical lattices. In Sec. III, we present
the single-particle gravimetry scheme via interferometry
in optical lattices. In Sec. IV, we present the multi-
particle gravimetry scheme via interferometry of coherent
spin states (CSS’s) and SSS’s. In Sec. V, we summarize
2our results and discuss the experimental possibility and
potential applications.
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FIG. 1. Schematic diagram of the spin-dependent Wannier-
Stark (WS) systems. The spin-up and spin-down WS lad-
ders parallel to each other with energy separation ~ω0 and
equal spacings Mgd. Through adiabatically decreasing (in-
creasing) the polarization phases ϕ↑(↓), the spin-up and spin-
down atoms will be transported to higher and lower positions,
respectively.
II. SPIN-DEPENDENT WANNIER-STARK
SYSTEM
We consider an ensemble of two-level atoms {|↑〉 , |↓〉}
within a deep spin-dependent optical-lattice potential
aligned along the gravity direction. The system obeys
the Hamiltonian,
Hˆ =
(
pˆ2z
2M + U↑ +
~ω0
2 0
0
pˆ2z
2M + U↓ − ~ω02
)
− Fz. (1)
Here, M is the atomic mass, pˆz denotes the momen-
tum along the gravitational direction, ω0 is the transi-
tion frequency between the two levels, and U↑(↓) is the
spin-up (down) optical-lattice potential. In the last term,
F = Mg is the gravitational force with the gravitational
acceleration g. Usually, the spin-dependent optical lat-
tices [21–23] are described by Uσ(z) = Vσ sin
2(κz − ϕσ)
with the amplitudes Vσ and the phases ϕσ for σ = {↑, ↓},
where κ = 2π/λ is the common wave vector with the
wavelength λ (the lattice constant d = λ/2).
The single-particle eigenstates are known as the
Wannier-Stark (WS) states [10, 17, 25], and their eigen-
values form the equidistant WS ladders
Eσ,α,l = ǫσ,α − Fd(l + ϕσ/π)± ~ω0/2, (2)
with the band index α and the lattice site index l. Here,
ǫσ,α is the bare on-site energy of the α-th band in |σ〉. We
show the schematic diagram of the spin-dependent WS
system in Fig. 1. The inner equidistant energy is Mgd
for both spin-up and spin-down WS ladders. When the
phases are adiabatically tuned according to (ϕ↑, ϕ↓) =
(−νt,+νt) with the driven frequency ν, the atoms in |σ〉
will follow the instantaneous WS energies Eσ,α,l(t). Thus
the spin-up and spin-down components will be shifted to
higher and lower positions, respectively. Furthermore,
the atoms in a superposition of the two spin states will
be coherently split into a superposition of two spatial
wavepackets at different heights. Next, we will show how
to integrate the coherent spin-dependent transport into
our interferometry scheme.
III. SINGLE-PARTICLE GRAVIMETRY
SCHEME
Our gravimetry scheme is based upon a Mach-Zehnder
interferometry, which includes a phase accumulation pro-
cess (i.e. the holding process) sandwiched by two beam
splitters (BS’s), see Fig. 2. The first BS, which splits the
input wavepacket into two parts at different heights, is
achieved by a spin-dependent shift and a subsequent pi2
pulse. In the holding process, the two parts accumulate
a relative phase related to the gravity. Then the second
BS, which is the reverse process of the first BS, recom-
bines the two parts for interference. Lastly the relative
phase is extracted by the spin population measurement
after applying a pi2 pulse. Obviously, our procedure is dif-
ferent from the digital atom interferometer [22], in which
the shift operations of alternated direction are interleaved
with π pulses. One may think the pi2 pulses in our BS’s
are not necessary, we will explain their importance later.
Given the creation (annihilation) operators a†↑,l (a↑,l)
and the Pauli matrices σx,y,z, our system can be
described by the collective spin operators Jˆx,y,z =
1
2
∑
l(a
†
↑,l, a
†
↓,l)σˆx,y,z(a↑,l, a↓,l)
T . Below, we will use the
collective spin operator to analytically derive the accu-
mulated phase, the spin population difference and its
variance.
We first show how the phase is accumulated in the
single-particle scheme. Since only the {−l, 0,+l}-th lat-
tice sites are involved, the single-particle state can be
written in the subspace as
|ψ〉 =
(
w↑,−l
w↓,−l
)
−l
⊕
(
w↑,0
w↓,0
)
0
⊕
(
w↑,+l
w↓,+l
)
+l
, (3)
where wσ,l is amplitude of the Wannier-Stark state
|Wσ(l)〉 of spin-σ in the l-th lattice site. We prepare the
initial state as the equal superposition of spin-up and
spin-down state in the 0-th site, which is given as
|ψI〉 = 1√
2
(
0
0
)
−L
⊕
(
1
1
)
0
⊕
(
0
0
)
+L
. (4)
The input wavepacket is coherently split into two parts at
(−L)-th and (+L)-th lattice sites through the first beam
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FIG. 2. Gravimetry via Mach-Zehnder interferometry of a single atom in tilted optical lattices. The input state is prepared as
|←〉0 at the 0-th lattice site. Through the first beam splitter (BS1), which contains a spin-dependent shift and a
pi
2
pulse, the
input wavepacket is coherently split into two parts at (−L)-th and (+L)-th lattice sites (i.e. a superposition state of |←〉+L
and |→〉
−L
). In the holding process, the two parts at different heights will accumulate a relative phase due to the gravity, while
the internal states rotate around the Jˆz axis due to the energy difference between |↑〉 and |↓〉. When the internal states of the
two parts respectively rotate back to |→〉
−L
and |←〉+L, we apply the second beam splitter (BS2 - the inverse process of BS1),
the two parts are respectively flipped into |↓〉
−L
and |↑〉+L, and then are shifted to the 0-th lattice site for interference. At
last, we apply a pi
2
pulse and measure the spin population difference 〈Jˆz〉.
splitter (BS1), which contains a spin-dependent shift and
a subsequent pi2 pulse. The first shifting operation trans-
fers the initial state |ψI〉 to
|ψS〉 = 1√
2
(
eiφ1,↑
0
)
−L
⊕
(
0
0
)
0
⊕
(
0
eiφ1,↓
)
+L
, (5)
where φ1,↑ and φ1,↓ are the phases accumulated in the
first shifting operation. The shifting is slow enough that
the atom follows the instantaneousWannier-Stark energy
E↑ = ǫ↑+Fdνt/π+~ω0/2 in |↑〉 and E↓ = ǫ↓−Fdνt/π−
~ω0/2 in |↓〉. The phases φ1,↑ and φ1,↓ are given as
φ1,↑ = − 1
~
(
ǫ↑ +
~ω0
2
+
FLd
2
)
Ts,
φ1,↓ = − 1
~
(
ǫ↓ − ~ω0
2
− FLd
2
)
Ts, (6)
where Ts = lπ/ν is the shifting time. Applying a
pi
2 pulse
operation e−iJˆy
pi
2 , the state |ψ〉S is transformed to
|ψBS1〉 = 1
2
(
eiθ1,→
−eiθ1,→
)
−L
⊕
(
0
0
)
0
⊕
(
eiθ1,←
eiθ1,←
)
+L
. (7)
Here, θ1,→ = φ1,↑ + φ2,→, θ1,← = φ1,↓ + φ2,←, φ2,← =
FLdTpi/2/~ and φ2,→ = −φ2,←, where Tpi/2 is the lasting
time of the pi2 pulse operation. After holding the optical
lattices still for a time duration Th, the state |ψBS1〉 is
transferred to
|ψH〉 = 1
2
(
eiθ2,→e−iξ
−eiθ2,→eiξ
)
−L
⊕
(
0
0
)
0
⊕
(
eiθ2,←e−iξ
eiθ2,←eiξ
)
+L
,
(8)
where ξ = (ǫ↑ − ǫ↓ + ~ω0)Th/(2~), θ2,→ = θ1,→ + φ3,→,
θ2,← = θ1,← + φ3,←, φ3,← = FLdTh/~ and φ3,→ =
−φ3,←. To recombine the wavepackets in the (−L)-th
and (+L)-th lattice sites into the 0-th lattice site, we ap-
ply the second beam splitter (BS2 - the inverse process
of BS1) which contains a pi2 pulse and a subsequent spin-
dependent shift. Applying a pi2 pulse, the state |ψH〉 is
changed to
∣∣ψpi
2
〉
=
1√
2
(
ieiθ3,↓ sin(ξ)
eiθ3,↓ cos(ξ)
)
−L
⊕
(
0
0
)
0
⊕
(
eiθ3,↑ cos(ξ)
ieiθ3,↑ sin(ξ)
)
+L
,
where θ3,↓ = θ2,→ + φ4,↓, θ3,↑ = θ2,← + φ4,↑, φ4,↑ =
FLdTpi/2/~, and φ4,↓ = −φ4,↑ − π. The second shifting
operation transfers the state
∣∣ψpi/2〉 to
|ψBS2〉 = 1√
2
(
ieiηeiθ4,↓ sin(ξ)
0
)
−2L
⊕
(
eiθ4,↑ cos(ξ)
eiθ4,↓ cos(ξ)
)
0
⊕
(
0
ie−iηeiθ4,↑ sin(ξ)
)
+2L
,
(9)
where η = −(ǫ↑ − ǫ↓ + ~ω0 + FLd)Ts/~,
θ4,↓ = θ3,↓ + φ5,↓, θ4,↑ = θ3,↑ + φ5,↑,
φ5,↑ = −(ǫ↑ + ~ω0/2− FLd/2)Ts/~ and φ5,↓ =
−(ǫ↓ − ~ω0/2 + FLd/2)Ts/~. Applying the last pi2 pulse,
the final state |ψF 〉 is given as
|ψF 〉 = 1
2
(
iei(η−2FLdTpi/2/~)eiθ4,↓ sin(ξ)
−iei(η−2FLdTpi/2/~)eiθ4,↓ sin(ξ)
)
−2L
⊕
(
(eiθ4,↑ + eiθ4,↓) cos(ξ)
(−eiθ4,↑ + eiθ4,↓) cos(ξ)
)
0
⊕
(
ie−i(η−2FLdTpi/2/~)eiθ4,↑ sin(ξ)
ie−i(η−2FLdTpi/2/~)eiθ4,↑ sin(ξ)
)
+2L
, (10)
There are two kinds of spin-population measurements:
the local measurement 〈Jˆ (0)z 〉 for the 0-th lattice site,
and the global measurement 〈Jˆz〉 = 〈Jˆ (0)z 〉 + 〈Jˆ (+2L)z 〉 +
4〈Jˆ (−2L)z 〉 for all occupied lattice sites. Here, the super-
script on the operator denotes the lattice index. The
global measurement of spin population difference is given
as,
〈Jˆz〉 = 〈Jˆ (0)z 〉+ 〈Jˆ (−2L)z 〉+ 〈Jˆ (+2L)z 〉
= 〈Jˆ (0)z 〉 =
1
2
cos2(ξ) cos(φ), (11)
which is the same as the local measurement of spin pop-
ulation difference at the 0-th site. The total phase is
φ = θ4,↑ − θ4,↓ = 2MgLd(Ts + Th + 2Tpi/2)/~ + π. The
variance in the global measurement is given as
〈Jˆz〉 = 〈Jˆ2z 〉 − 〈Jˆz〉2
=
1
4
[
1− cos4(ξ) cos2(φ)] , (12)
while the variance in the local measurement is given as
〈Jˆ (0)z 〉 = 〈(Jˆ (0)z )2〉 − 〈Jˆ (0)z 〉2
=
cos2(ξ)
4
[
1− cos2(ξ) cos2(φ)] . (13)
IV. MULTI-PARTICLE GRAVIMETRY SCHEME
In this section, we will generalize the atomic gravime-
try interferometry from single particle scheme to multi-
particle scheme. we will show how our scheme works with
multi-particle states, such as coherent spin states (CSS’s)
and spin-squeezed states (SSS’s). Below, we will analyt-
ically derive the accumulated phase, the spin population
difference and the uncertainty of gravitational accelera-
tion.
A. Phase accumulation
We assume that N atoms are loaded into the 0-th lat-
tice site of the first band (the band index α is removed
here and after). The initial state is in superpositions of
all possible n particles in |↑〉0 and (N − n) particles in
|↓〉0,
|ψI〉 =
N∑
n=0
cn |↑〉n0 |↓〉(N−n)0 , (14)
where |σ〉nl denotes n spin-σ atoms in the l-th lattice site.
Given cnN = 2
−N/2
√
N !/(n!(N − n)!), the initial state is
a CSS |ψ〉 = 2−N/2(|↑〉0 + |↓〉0)N . To beat the SQL, one
may squeeze the initial CSS into a phase-sensitive SSS,
that is, the noise reduces in the Jy-direction and increases
in the Jz-direction [26–28].
In the first beam splitter (BS1), the spin-up and spin-
down components are respectively transported to the
(−L)-th and (+L)-th lattice sites by a coherent spin-
dependent shift and then a pi2 pulse is applied. Assuming
the shift process is adiabatic, the input state evolves to
|ψS1〉 =
N∑
n=0
cnNe
i[nφ1,↑+(N−n)φ1,↓] |↑〉n−L |↓〉(N−n)+L , (15)
after the shift. Here, Ts = Lπ/ν is the time du-
ration of the shift, and the accumulated phases for
the spin-up and spin-down components are respectively
given as φ1,↑ = −(ǫ↑ + ~ω0/2 + FLd/2)Ts/~ and φ1,↓ =
−(ǫ↓ − ~ω0/2− FLd/2)Ts/~. Then the pi2 pulse transfers
the state |ψI〉 into
|ψBS1〉 = exp(−iJˆyπ/2) |ψ1〉 (16)
=
N∑
n=0
cnNe
i[nθ1,→+(N−n)θ1,←]|→〉n−L|←〉(N−n)+L .
Here, we denote |←〉l = (|↑〉l + |↓〉l)/
√
2 and |→〉l =
(|↑〉l − |↓〉l)/
√
2 at the l-th site. θ1,→ = φ1,↑ + φ2,→,
θ1,← = φ1,↓ + φ2,←, φ2,← = FLdTpi/2/~, φ2,→ = −φ2,←,
and Tpi/2 being the time duration of the
pi
2 pulse.
In the holding process, the two parts at different
heights will accumulate a relative phase due to the grav-
ity, while the internal spin states will rotate around the
Jˆz axis. After holding the system still for a time duration
Th, the state ψBS1 evolves to
|ψH〉 =
N∑
n=0
fn
2N/2
(
e−iξ |↑〉−L − eiξ |↓〉−L
)n
⊗ (e−iξ|↑〉+L + eiξ |↓〉+L)(N−n) . (17)
where fn = c
n
Ne
i[nθ2,→+(N−n)θ2,←] with θ2,→ = θ1,→ +
φ3,→, θ2,← = θ1,← + φ3,←, φ3,← = FLdTh/~, and
φ3,→ = −φ3,←. In the holding process, the relative phase
between |↑〉 and |↓〉 is given as 2ξ = (ǫ↑− ǫ↓+ ~ω0)Tf/~.
We then apply the second beam splitter (BS2) which con-
sists of a pi2 pulse and a subsequent shifting process. After
applying the pi2 pulse in BS2, the state reads as
∣∣ψpi
2
〉
=
N∑
n=0
f ′n
(
i sin(ξ)|↑〉−L + cos(ξ) |↓〉−L
)n
⊗ (cos(ξ)|↑〉+L + i sin(ξ) |↓〉+L)(N−n) ,(18)
where f ′n = c
n
Ne
i[nθ3,↓+(N−n)θ3,↑)], θ3,↓ = θ2,→ + φ4,↓,
θ3,↑ = θ2,←+φ4,↑, φ4,↑ = FLdTpi/2/~, and φ4,↓ = −φ4,↑−
π. The second shifting operation is as same as the first
one, which transfers the state |ψpi/2〉 into
|ψBS2〉 =
N∑
n=0
f ′′n
(
i sin(ξ)eiη |↑〉−2L + cos(ξ) |↓〉0
)n
⊗ (cos(ξ)|↑〉0 + i sin(ξ)e−iη |↓〉+2L)(N−n) ,(19)
where η = −(ǫ↑ − ǫ↓ + ~ω0 + FLd)Ts/~, f ′′n =
cnNe
i[nθ4,↓+(N−n)θ4,↑)], θ4,↓ = θ3,↓ + φ5,↓ and θ4,↑ =
5θ3,↑ + φ5,↑, φ5,↑ = −(ǫ↑ + ~ω0/2− FLd/2)Ts/~ and
φ5,↓ = −(ǫ↓ − ~ω0/2 + FLd/2)Ts/~. Since the states at
different sites will not interfere, when the atoms are re-
combined into the 0-th lattice site, applying the last pi2
pulse, the final state reads as
|ψF 〉 =
N∑
n,j,k
f ′′nd
j
nd
k
N−n sin(ξ)
j+N−n−k cos(ξ)n−j+k
×
∣∣∣Aj0〉
−2L
∣∣Akn−j〉0 ∣∣A0N−n−k〉+2L . (20)
Here, djn =
√
n!/(j!(n− j)!) and
∣∣Aqp〉l = (|←〉p |→〉q)l
denotes p particles in |←〉 and q particles in |→〉 at
the l-th lattice site. Obviously, the atoms may occupy
four possible states {|→〉−2L , |←〉0 , |→〉0 , |←〉+2L} and
so that our scheme can be regarded as a four-path inter-
ferometry.
B. Spin-population difference
To derive the expectation values of spin-population dif-
ference 〈Jˆz〉, we first expand the collective spin operator
Jˆz based on the new single-particle basis {| →〉, | ←〉},
which obey the orthogonal relation, 〈→ | →〉 = 〈← | ←
〉 = 1 and 〈→ | ←〉 = 0. Considering there are many
particles occupied in these two modes, we can expand
local state in the fock basis {
∣∣Aqp〉l = |←〉pl |→〉ql }. The
collective spin operator Jˆz is given as
Jˆz =
∑
l
Jˆ (l)z =
1
2
∑
l
(
aˆ†←,laˆ→,l + aˆ
†
→,laˆ←,l
)
. (21)
Here, The superscripts l on the operator mean that the
operator acts on the state at the l-th site. aˆ†σ,l(aˆσ,l) anni-
hilates (creates) a boson in the mode |σ〉l (σ =→,←) at
the l-th site. Thus one can obtain the matrix elements
l〈Aq
′
p′ |Jˆ (l)z |Aqp〉l =
1
2
(
αqpδp′,p−1δq′,q+1 + α
p
qδp′,p+1δq′,q−1
)
,
and
l〈Aq
′
p′ |ˆ(J (l)z )2|Aqp〉l = 14δp′,pδq′,q(αqpαp−1q+1 + αpqαq−1p+1)
+ 14α
q+1
p−1α
q
pδp′,p−2δq′,q+2 +
1
4α
p
qα
p+1
q−1δp′,p+2δq′,q−2,
where αqp =
√
p(q + 1). We measure the global mean
expectation values of Jˆz, which is given as
〈Jˆz〉 = 〈ψF |(Jˆ (−2L)z + Jˆ (0)z + Jˆ (+2L)z )|ψF 〉
= 〈Jˆ (−2L)z 〉+ 〈Jˆ (0)z 〉+ 〈Jˆ (+2L)z 〉. (22)
We first perform the local operator Jˆ
(−2L)
z on
the final state. Jˆ
(−2L)
z only acts on |Aj0〉−2L and
keeps |Akn−j〉0 and |A0N−n−k〉+2L unchanged. Because
−2L〈Aj
′
0 |Jˆ−2Lz |Aj0〉−2L = −2L〈Aj
′
0 |Aj−11 〉−2Lαj0 = 0, the
mean spin population at the (−2L)-th site is zero,
〈Jˆ (−2L)z 〉 = 0. Because the states in the (−2L)-th and
(+2L)-th sites have the same status, the mean spin pop-
ulation at (+2L)-th site is also zero, 〈Jˆ (+2L)z 〉 = 0.
We perform the local operator J
(0)
z on the final state,
then the mean spin population difference is given as
〈Jˆ (0)z 〉 =
1
2
∑
n,j,k
cnN (c
n−1
N )
∗ei(θ4,↓−θ4,↑)αkn−jd
j
nd
j
n−1d
k
N−nd
k+1
N−n+1 sin (ξ)
2(j+N−n−k) cos (ξ)2(n−j+k)
+
1
2
∑
n,j,k
cnN (c
n+1
N )
∗e−i(θ4,↓−θ4,↑)αn−jk d
j
nd
j
n+1d
k
N−nd
k−1
N−n−1 sin (ξ)
2(j+N−n−k) cos (ξ)2(n−j+k)
=
1
2
∑
n,k
cnN (c
n−1
N )
∗ei(θ4,↓−θ4,↑)
√
k + 1
√
ndkN−nd
k+1
N−n+1 sin (ξ)
2(N−n−k) cos (ξ)2+2k
+
1
2
∑
n,k
cnN (c
n+1
N )
∗e−i(θ4,↓−θ4,↑)
√
k
√
n+ 1dkN−nd
k−1
N−n−1 sin (ξ)
2(N−n−k) cos (ξ)2k
=
1
2
∑
n
cos (ξ)2
[
αN−nn c
n
N (c
n−1
N )
∗ei(θ4,↓−θ4,↑) + αN−nn (c
n
N )
∗cn−1N e
−i(θ4,↓−θ4,↑)
]
. (23)
In the second and third equal signs, we have used
the fact that
∑n
j=0
n!
j!(n−j)! sin (ξ)
2j
cos (ξ)
2(n−j)
=
(sin2(ξ) + cos2(ξ))n = 1 for several times, which is also
important in the following derivations. If the initial state
satisfies cnN = c
N−n
N , then
∑
n α
N−n
n c
n
N (c
n−1
N )
∗ is a real
number. Our initial CSS and the one-axis twisting SSS
satisfy cnN = c
N−n
N , so the above equations can be further
6simplified as
〈Jˆz〉 = 〈Jˆ (0)z 〉 =
NV
2
cos(φ). (24)
It means that both the local and global measurements
give the same spin-population difference. Here, φ =
θ4,↑ − θ4,↓ = 2MgLd(Th + Ts + 2Tpi/2)/~ + π, and we
define V = 2 cos2(ξ)∑n αN−nn cnN(cn−1N )∗/N as the visi-
bility which reduces to cos2(ξ) for CSS.
C. Uncertainty of gravitational acceleration
The relative uncertainty of gravitational acceleration is
given as ∆g/g = ∆Jz/|∂〈Jz〉/∂g|. To obtain the uncer-
tainty, we need to evaluate ∆Jz
2 = 〈Jˆ2z 〉 − 〈Jˆz〉2. Thus,
we will first derive the mean expectation value of Jˆ2z ,
which is given as
〈Jˆ2z 〉 = 〈ψF |(Jˆ (−2L)z + Jˆ (0)z + Jˆ (+2L)z )2|ψF 〉
= 〈(Jˆ (−2L)z )2〉+ 〈(Jˆ (0)z )2〉+ 〈(Jˆ (+2L)z )2〉, (25)
where the crossing terms are all zero. To derive 〈Jˆ2z 〉,
we separately calculate the mean expectation value of
(Jˆ
(±2L)
z )2 and (Jˆ
(0)
z )2 as follows.
〈(Jˆ (−2L)z )2〉 =
sin (ξ)
2
4
∑
n
|cnN |2n, (26)
which is simplified as 〈(Jˆ (−2L)z )2〉 = N8 sin (ξ)2 for our
initial CSS. Similarly,
〈(Jˆ (+2L)z )2〉 =
sin (ξ)
2
4
∑
n
|cnN |2(N − n), (27)
which can be also simplified as 〈(Jˆ (+2L)z )2〉 = N8 sin (ξ)
2
for our initial CSS. At last, we obtain the mean expecta-
tion value of (Jˆ
(0)
z )2,
〈(Jˆ (0)z )2〉 =
cos (ξ)
2
N
4
+
cos (ξ)
4
2
∑
n
|cnN |2n(N − n)
+
cos (ξ)
4
4
∑
n
ei2(θ4,↓−θ4,↑)cnN(c
n−2
N )
∗
αn−1n−1α
N−n+1
N−n+1
+
cos (ξ)
4
4
∑
n
e−i2(θ4,↓−θ4,↑)cnN (c
n+2
N )
∗
αn+1n+1α
N−n−1
N−n−1.
(28)
If the initial state satisfies cnN = c
N−n
N , it is easy
to prove that
∑
n c
n
N (c
n−2
N )
∗
αn−1n−1α
N−n+1
N−n+1 equals to∑
n c
n
N (c
n+2
N )
∗
αn+1n+1α
N−n−1
N−n−1 ∈ R. Then, the above equa-
tion can be simplified as
〈(Jˆ (0)z )2〉 = N4 cos (ξ)
2
+ cos (ξ)
4
2
∑
n
|cnN |2n(N − n)
+ cos (ξ)
4
2 cos(2φ)
∑
n
cnN (c
n−2
N )
∗
αn−1n−1α
N−n+1
N−n+1, (29)
which can be further simplified as 〈(Jˆ (0)z )2〉 =
N
4 cos (ξ)
2−N4 cos (ξ)4cos2(φ)+N
2
4 cos (ξ)
4
cos2(φ) for our
initial CSS. Combined with Eqs. (26), (27) and (29), we
can obtain
〈Jˆ2z 〉 =
N
4
+
cos (ξ)
4
2
∑
n
|cnN |2n(N − n)
+
cos (ξ)
4
2
cos(2φ)
∑
n
cnN (c
n−2
N )
∗
αn−1n−1α
N−n+1
N−n+1. (30)
With the above equation, we only need to know the co-
efficients of the initial state CnN to calculate the 〈Jˆ2z 〉.
Eventually, the variance of spin population difference
for our CSS is given as
∆Jz
2 = 〈Jˆ2z 〉 − 〈Jˆz〉2 =
N
4
(
1− cos (ξ)4cos2(φ)
)
,(31)
for the global measurement, and
∆(J (0)z )
2 = 〈(Jˆ (0)z )2〉 − 〈Jˆ (0)z 〉2
=
N
4
cos (ξ)2
[
1− cos (ξ)2cos2(φ)] , (32)
for the local measurement. The above two formula re-
spectively reduce to Eqs. (12) and (13) when the particle
number is 1. Obviously, the variance in the local mea-
surement is always not larger than the one in the global
measurement. Actually, the above statement still holds
in the case of an input SSS. The minimal variance is
reached at ξ = (ǫ↑ − ǫ↓ + ~ω0)Tf/(2~) = nπ, where both
local and global measurements give the same variance
∆Jz = ∆J
(0)
z .
To estimate the gravity g with the best precision, be-
sides ξ = nπ, we need to measure the spin-population
difference at φ = (2n+1)π/2, where both the global and
local measurements give the relative uncertainty
∆g
g
=
~χ
2
√
NMgLd(Ts + Th + 2Tpi/2)
. (33)
Here, χ = 2∆Jz/(V
√
N) is the squeezing parameter,
which describes the suppression of phase noises relative
to the SQL [27, 29]. It has been demonstrated that the
squeezing parameter χ scales with the particle number
N as N−1/3 for one-axis twisting and N−1/2 for two-axis
twisting [26, 30, 31]. To minimize the uncertainty ∆g/g,
one may decrease the squeezing parameter, increase the
shifting distance or increase the holding time.
We estimate the optimal gravity uncertainty for the
initial CSS and one-axis-twisted SSS as the particle num-
ber changes, see Fig. 3 (a). The optimal gravity un-
certainty scales with the particle number as N−1/2 for
CSS and N−5/6 for the one-axis-twisted SSS [26]. To
obtain the optimal gravity uncertainty, one has to mini-
mize the standard variance ∆Jz and maximize the slope
|∂〈Jˆz〉/∂φ|, see Fig. 3 (b) for the CSS and (c) for the
SSS. The shadow region (〈Jˆz〉 ± ∆Jz) denotes the un-
certainty of the spin population difference. The cal-
culations are based on 87Rb system with atomic mass
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FIG. 3. (a) The optimal uncertainty ∆g/g versus the par-
ticle number N . (b)-(c) The spin-population difference 〈Jˆz〉
versus the accumulated phase φ for for an input CSS and
SSS, respectively. The shadow region gives the uncertainty
of the spin-population difference. For the input SSS, minimal
variance ∆Jz and maximal slope |∂〈Jˆz〉/∂φ| are reached at
φ = (2n+ 1)pi/2.
M ≈ 1.44× 10−25kg, wavelength λ = 7.85× 10−7m, re-
coil energy Er = 2π
2
~
2/(Mλ2) ≈ 2.47×10−30kg ·m2/s2,
potential depth V↑ = V↓ = 100Er, ~ν = 0.5Er, L = 50,
Tpi/2 = 0.01ms, and Th ≈ 1s. Here, the shifting time
Ts = Lπ/ν ≈ 13.4ms makes the spin-down and spin-up
atoms respectively shift to ±L-th lattices. Even if the
shifting time slightly depart from the ideal value Lπ/ν,
our scheme can still work. The potential depths are large
enough to trap more atoms and the driven frequency is
small enough to avoid Landau-Zener transition between
different Wannier-Stark states.
Now we discuss the importance of the pi2 pulses in our
beam splitters. Firstly, the pi2 pulses preclude the back-
ground transition energy ~ω0 and the bare on-site energy
difference (ǫ↑− ǫ↓) in the accumulated phase. This is be-
cause that the switching of spin-up and spin-down auto-
matically cancels out the spin-dependent phases. There-
fore, to extract g, we do not need to measure the transi-
tion frequency and on-site energy difference at the same
time. Secondly, taking into account the dislocation ∆L
between spin-up and spin-down optical lattices in the
holding process, it will directly come into the accumu-
lated phase if the pi2 pulses are absent, and thus introduce
new error sources. However, by applying the pi2 pulses,
the accumulated phase become relevant to the centers of
the spin-up and spin-down mixtures at different heights.
As the dislocation does not change the distance between
two centers, it will not contribute to the accumulated
phase. Similarly, one can use the pi2 pulses to improve
the precision of the digital atom interferometer [22].
V. SUMMARY AND DISCUSSIONS
We present a compact high-precision gravimetry
scheme in spin-dependent optical lattices. Different from
the conventional two-path interferometry, our scheme can
be treated as a four-path interferometry. We give an an-
alytical method to analyze the phase accumulation and
the gravity measurement variance in our four-path inter-
ferometry. To preclude the spin-dependent energies in
the phase accumulation, we introduce an extra pi2 pulse
in each beam splitter.
Our gravimetry scheme can be realized with 87Rb
atoms in the deep spin-dependent optical lattices aligned
along the gravity direction. The two spin states are cho-
sen as the two hyperfine states of 87Rb atom, |↑〉 ≡
|F = 2,mf = −2〉 and |↓〉 ≡ |F = 1,mf = −1〉, which
can be resonantly coupled by microwave radiation around
6.8GHz [21]. The wavelength of the optical lattices is
tuned to 785 nm, so that the atoms will feel a spin-
dependent optical lattice potential relevant to the light
polarization. With the high-precision and fast optical po-
larization synthesizer [23, 24], the spin-dependent shift-
ing can be achieved by independently and precisely tun-
ing the spin-up and spin-down optical lattices. After
realizing our scheme with CSS, one may try to utilize
SSS to improve the precision of gravity measurement.
To achieve one-axis twisting, one may tune the interac-
tion via Feshabch resonance [32] or the spatial overlap
between different spin components [33].
We believe our scheme will open a new era in design-
ing the next-generation high-precision gravimeter. In
contrast to the quantum gravimetry via free fall [6–9],
our scheme is more compact and portable. In contrast
to the gravimetry via Bloch oscillations in optical lat-
tices [10], the spin squeezing may be utilized to beat
the standard quantum limit. In addition to precision
gravity measurement, our analytical method for the sen-
sitivity can be widely used in multi-parameter estima-
tion and multi-path interferometry, and the BS’s in our
scheme can also be applied to the digital atomic in-
terferometry [22] for improving its measurement preci-
sion. Moreover, our study may also advance further ex-
perimental studies in gravitational wave detection [34],
Casimir-Polder force [35], and blackbody radiation in-
duced force [36], etc.
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